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I INTROPUCTJON

In an article published recently in the Revue Belge de

Statistique, d'Informatique et de Recherche Opérationnelle, Paelinck

and Tack [23] reviewed extensively some of the issues related with

the estimation of logically consistent econometric mudels1. More

1 That is, models specified in such a way that logical constraints

defining the range of variation of the dependent variable be

automatically satisfied by the model-predicted values. For an
interesting discussion of the concept of logical consistency,
see Koehler and Wildt [10].



pecifically, the authors focused on “"gspatial interaction models"”,

.e. "models that distribute certain activities (working, purchasing,
ravelling) among the parts of a study area “. The flows that such
odels try to explain have to add up to the total flow in the system

nd as a result, either the specification, or the parameter-estimators,
£+ these models have to be properly constrained. For example, in the
arketing context, competing hrands' shares sum to one therefore, for
ogical-consistency sake, model-predicted shares must also adl up to

0g %.

Naert and Bultez [18,19] were the first ones - in the marketing
.ontext - to point out the necessity of resorting to consistent sum -
.onstrained specifications. Later on, Nakanishi and Cooper 24, 221 ,
ljultez and Naert [8,9] and then Bultez [6,7] discussed at length,
irdinary and generalized least-sqguare as well as maximum-likelihood
istimation procedures of the parameters of such market-share (attraction]
*unctions. In parallel to the development of estimation methods, a
sontroversy opposed Bultez and Naert, joined Dby Weverbergh [28], to
-he tenants of linear market-share equations (Beckwith L4, e.g.]q.
108t unfortunately, a major part of our argumentation has remained
inpublished so far. This is the reason why we take this opportunity
-0 clarify and extend our previous work dealing with constraints to

ye imposed on the parameters of linear models, so that they be logically

sonsistent.

Partly rejected by Bultez and Naert, due to lack of robustness (or
consistency), a gquestion examined hereafter.
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Although 1llustrated, by examples from marketing, we helieve
our conclusions readily apply to various types of interaction models,

especlally to the "attraction-constrained” model category, as defined

by Paelinck and Tack [23,p.20].

In the abstract of the latest article published on this topic
(in the marketing literature, at least), McGuire and Weiss [16,p.298]
proposed to "discuss, explain, and position the more notable literature
on logically consistent market share demand models”. It is our feeling
that they fell somewhat short of their objectives in the sense that a
number of contributions, were omitted from their analysis. First, we
comment on these, in order to put the McGuire and Weiss paper 1in a

proper perspective.

Next, McGuire and Weiss [16,p.296] correctly observed that
there was an error of omission in the proof of the Naert-Bultez theorem
on the necessary and sufficient conditions for a linear model to predict
sum constrained dependent variables [18,p.3389]. Indeed, Naert-Bultez
failed to regard "homogeneous" variables as possible explanatory
variables. Hence they neglected the constraints implied by such a
type of variables. In their proof, however, there was an implicit
assumption which ruled out the possibility of homogeneous variables.
Therefore, in this article, we want to clarify this issue and examine
in a more general way, the relation that exists between the number of
constraints on the parameters, and the number of constraints on the

explanatory variables.



Finally, we point to some misinterpretations that were given

to our previous work on the subject.

2. IMPLICATIONS OF THE LOGICAL CONSISTENCY REQUIREMENT

Observed market shares have, by definition, values between
zero and one, and when summing across brands a value of one is obtained.
In market-share response functions, individual observations on the

dependent variables are therefore restricted in range, and at the same

time theysatisfy a sum constraint. Logical consistency of the model

specification or structure then means that model predictions satisfy
thers sane cnnstraintsq. The first question N-B raised in [18]
voncerned the implications of logical consistency for such frequently
ysed market-share response functions, as the linear and multiplicative
ones. It should be obvious that the latter specifications do not
satisfy these constraints as such. They do not necessarily result in

predicted values between zero and one, nor do market shares sum to one.

As far as the linear model is concerned it has been shown by

McGuire, Farley, Lucas and F.ing [15] and by Naert and Bultez [18] that

the sum constraint (not the range constraint) can be satisfied if and

Logical consistency also applies to other types of dependent
variables, such as, brand sales which should sum to product class
sales. Also sum-constrained models are not limited to marketing
problems but apply to such areas as international trade (import-
export flows), migration, input-output analysis, and demand analysis.
See B-N [9] and Paelinck and Tack [23].



only if a particular set of constraints on the explanatory variables
and on the parameters is satisfied. Naert and Bultez [18,p.33B] have
argued that while it 1is possible to derive mathematical restrictions
on the parameters, these will not necessarily be meaningful. For

example, for the sake of logical consistency one may have to impose

equality constraints on the parameters of a given marketing instrument

across brands. Consider, e.g.. the following market-share equation :

faor & = 1, & s%ea N 3
with m,, representing brand i's market-share in period t, and a?t,

brand i's share of the industry overall advertising effort, during
n
the same period (i.e. ary - aitKiE1ait' a4t

advertising budget]). To get predicted shares which add up to unity.

standing for brand i's

N-B showed that the following constraints had to be imposed on the

1
parameters x

L Sufficiency of these conditions is easily established, since by
definition :

n n n
izqmit - iE1mi,t—1 i lE1a§t =
and thus
n n
ifﬂmit ) 1E1ﬂi v

Necessity can be demonstrated by reference to the theorem presented
the Appendix and discussed 1n section 3 (example 1]).

in



Bi = B and Yy = Y for all 4

and

Few practitioners would find these acceptable specification

characteristics. The notion that model structure, including constraints

to make it logically consistent in a mathematical sense, should have

economic meaning and appeal is also lacking in Beckwith's [4]

counterexample to N-B theurem1. McGuire and Weiss do pay attention
to this point when discussing Beckwith's example, but it can hardly
be stressed enough. Since the case of the McGuire and Weiss paper
deals with the linear model we will come back to their analysis more

extensively in the following section.

For the multiplicetive model, such as the following (double-

log) variant of the above linear specification,

which is perhaps the most popular market-share specification, constraints
on parameters and explanatory variables (except for trivial and
totally uninteresting ones, e.g., Bi-= &2, Ti = 1 and ui = 1) cannot

be derived in order to satisfy the sum constraint on the dependent

variable.

Developed hereafter, in section 3.



Because of the shortcomings of both the linear and multiplica-
tive models when logical consistency is required, Naert and Bultez-
concluded that other, probably more complex, specifications should be
used, which inherently satisfy both the range and sum cnnstraint51.
Along similar lines Little [13,14] has argued that models should be
robust, that is, "the user should not be eble to push it to extremes
that produce absurd results” [14,p.630]. In the examples in both [13]
and [14], Little has been more concerned with the range canstraint
than with the sum constraint. Indeed, assuming symmetric specifications
for all brands, Little's specification violates the sum constraint.
Once again, this need not lead us to reject the specification, since
intented use will be an important determinant of whether or not a

&

model is acceptable and usefulz.

An interesting class of models; having a structure satisfying
both range and sum constraints, consists of those generally known as

attraction models. The attraction of a brand depends on its marketing

mix. Let ﬂi be the attraction, or in fact the attraction function,

t

| This by no means implies that linear or multiplicative models should
never be used again. Much depends on what the model 1is intended to
be used for. For a more extensive discussion of this point see
N-B [18] and Naert and Leeflang [20, chapter 6].

In this context it is interesting to refer to Lilien's concept of
Model Relativism [12].



of brand 1 in period t. Market share attraction models are defined

as,
. " it ) (1)
it Zn &
i=1 it
wheren is the number of brands competing on the market. If o is

1t

specified to be nonnegative, the attraction model has the desirable

characteristics of both satisfving the range constraint (0 < m. < 1)

it

and the sum constraint EEi = 1). Bell, Keeney, and Little [5] have

Myt
demonstrated that the following axioms necessarily lead to such a

marke~* =~hare attraction model :

al The attraction for each brand is nonnegative, that is, oy = 0
for 4 = 4, s.andnd £ 5 1, . oey T, and total attraction exerted

on the market is positive, I 7 Woo B % wems T

B
bl No attraction implies zero market share.

c) Brands with equal attraction have identical market shares.

d) If the attraction of a brand changes by a given amount, market

share of any of the other brands is affected equally, no matter

which brand's attraction has changed.

Thus the attraction model is not just a model that by chance satisfies
the market-share range and sum constraints, but it 1is 8 model structure
which logically follows from a number of plausible axioms. At first
sight, one might feel somewhat uncomfortable about axiom d. However,

it does, not imply that a change of & in, e.g., the advertising

10



expenditures of brand c, or a8 change of 6 in those of brand b, would
have the same effect on the market sheare of brand 1 (¢, b, and 1 are
different brands). This can be made clear as follows. The attractions

1
will in general be functions of the marketing instruments . For

example,
Bo = Tal®agpr Bugyr e Fgeels 800 By = FpCRquil Kiops dedis Bpd
where Kbﬁt is the value of variable s, for brand b, in period t.

Changing the advertising expenditures level of brand c, say xcEt'

by 6§ will in general have a different effect on mey than changing

xb?t by the same amount. This results from the possible asymmetry

in the attraction functions, such as, differences in response para-
meters across brands. In addition the attraction functions may be
nonlinear. We should, however, not conclude that axiom d is unrealistic,

since it deals with equal changes in the attractions nc and o and

t bt

not in the components of the attraction functions.

The problem of asymmetry and nonlinearities in relation to
the Bell-Keeney-Little theorem has been examined by Barnett [1]. His
elaboration of the theorem is based primarily on his finding that

axiom c is not essential to their result.

There could also be other determining variables, such as, disposable
income.

T 8



Equation (1) represents the overall structure. The attraction
function itself remains to be specified. Nakanishi [21] proposed the

following attraction model,

- 2
B (2)

where, xijt is the value of variable j, for brand i in period t, and
the aq and Bj' the model parameters. While similar formulations had
been used before by, e.g., Kuehn, McGuire, and Weiss [11]. Nakanishi
was probably the first one to realize that (2] is not intrinsically

nonlinear as had previously been believed. Nakanishl suggested a, be

it non triviel, tranformation of (2), making it linear in the parameter51

We should observe that (2) does not contain an error term. In
his later work with Cooper [22], however, Nakanishi explicitly
considered a disturbance term as a multiplicative component in each
of the attraction functions., following & suggestion by Bultez and
Naert [8] . Nakanishi and Cooper developed a generalized least-square
procedure for the case where in addition to the presence of tae
disturbapce term, the observations on the dependent varilable are

sample data and are thus subject to sampling error.

Reported by Paelinck and Tack [23,pp.41-42].

12



The logical next step in going from (2) is to allow response
parameters to vary across brands. This extension together with the
gxplicitation of the disturbance terms, €... in the attraction

functions leads to,

q . (3)

This model can again be linearized following the procedure used by
Nakanishi to transform (1). Bultez and Naert derived the properties
of the error term of (3] in [8], and of a somewhat more general vari:
in [0] . They demonstrated how, after linearization, equation [(3) can
be estimated by the generalized least-square procedure proposed by
MecGuire, Farley, Lucas and Ring 1in [15] . They also showed how equatil
(3) relates to Theil's multinominal extension of the linear logit
model [26] . Simply taking the ratio of myy and m, (b # 1), we obtai

B -B

ij
- Exijt] [xbjt]

3
=

exp[Ei e By s (4)

which fits Theil's definition. This consideration led B-N to propose
an Alternative to Nakanishi's linearization procedure, since (4]

becomes linear upon taking 1ngarithms1. It should alsoc be clear that

. The relation between these and other linearization procedures for

attraction models has been studied 1in details by Bultez in [B,pp.Z2
227] and [7].



(4) can be particularized by allowing parameters to vary across brands

for some variables, and not for others.

We were pleased to learn from a reference in [16] that others

had independently been working along similar lines [17].

3. THE RELATION BETWEEN CONSTRAINTS ON PARAMETERS AND ON EXPLANATORY

VARTABLES

From the discussion of N-B8 theorem by Beckwith, as well as
by McGuire and Weiss, one somehow gets the feeling that when dealing
with sum-constrained linear models, there must be a relation between
th. constraints on the explanatory variables and those on the para-

meters. We will try to clearly show this relationship below.

Consider the following general linear model,

yyg = 0y ugp ot %. B, * € « TOF 4 ; PR, | (5)
where, Y 4 is a T x 1 vector of observations on the dependent variable
related to cross-section i (e.g., brand 1) ;
X is a nonstochastic T x k matrix of values taken by the

explanatory variables, related to cross-section 1 ;

Ei is the corresponding T x 1 vector of disturbance terms ;
Bi is a Kk x 1 vector of parameters ;

&, is the constant term ;

ur is a sum vector of order T, i.e. u% ® [ A cana H])«

14



We will assume 7 to be at least egual to [n.k+1), a condition which
will be justified later on. The dependent variables satisfy the

following sum constraint,

n
- - it 2
Lian Yy r = r* u (

. 1
where r* is a scalar . The system of T.n equations (5) can be

summarized in matrix notation as,

e
n

[In @ uT] a + X B + &g, (.

where, y'

r
(yi. ¥v5. s yol o

In is an identity matrix of order n,

® represents a Kronecker product,
1=
a' = la,, oy, «... o]
K1 B ki B
X=lo X0
0 B ese A
n
T = r ! I
B iB.qll 321 - & Bn] ] Eﬂl‘.j
| r ' '
E lef, €5, «vvs En] : y
3 Lr{
'? fﬁm o
e “
In general the elements of r could be time depéjqéht. Here we
assume r, = r¥, for all t. The case with variable r, will be

discussaa briefly at the end of this section.



The sum constraint can be written as,
! - i
{un ® IT] y = ¥ uy . (8)
Premultiplying both sides of (7) by [ué ® IT]’ we obtain,
2 e 7 ' i '
L [Un ® ITl[In ® uT]a + [un ® IT]K B [url ® IT]E. (9)

-
Since the left-hand side is nonstochastic, so must be the right-hand

side. This implies that [ué ® IT]E should be nonstochastic and thus
identically equal to its expectation, that is,
T =
[urI ® IT]E 0

Using this result and rearranging terms, we get,

¥
[15.11_I ® IT]X B + u

T[UI_: a - I‘::} = D ]

which can also be written as,

Z = . (10)

or evs X, uT] . (11)

16



] F
Defining [B } = {ﬂ'. [u; g = r“]J, it then follows that the vector

B* must be a solution to the system of homogeneous linear equations,

Z a=20, (12)

where a is a vector of dimension (n.k+1)x1.

It can easily be shown that the number of independent constraints on
the elements of the vector B+ is equal to the rank of Z. The constraints

themselves are obtained as a set of vectors forming a basis for the

1
null space of Z. For a demonstration, refer to the Appendix .

Two examples will be used to clarify the implications of the

thaorem-

Example 1 :

Consider three brands whose market shares are affected by two variables,

that is,

Yy = @y up + Xi1 Bi1 + XiE B.., + €, far 4 = 4, 2, 3, (13)

A completely analogous result could be obtained for the case without
canstant term, or for a general X matrix (with or without constant
term, or for the number of variables varying across brands). For a
more general discussion we refer to Weverbergh [28], on which the

theoretical part of this section is based. Further extensions can
also be found in Koehler and Wildt [10].

=)
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with

3 i
bieq ¥4 = Ugp | (14)
that is, market shares should sum to one (r¥ = 1). Let the variables

also be sum-constrained as follows,

3 = c
Ei=1 Ki1 = UL, } 1.5)
and
3

For example, X1¢. X21, and K31 could be the observation vectaors for
the advertising shares of the three brands in the market Ea?t}, and

K12, ng, and x32’ the observation vectors of lagged market shares

The Z matrix defined in (11) then becomes,

X. o1 X

I 1

From the constraints (15) and (18), it follows that Z will have &

rank at most equal to five. For convenience of exposition we will



assume that it is exactly equal to fiue1. From the theorem, there
must then be five independent constraints on the elements of the

r
vector [B+] , that is, on the vector

[B Baw 1 [0 #* B ® B ~AM (18)

192 v =g |

Given (15) and (16) it is easily seen that the columns of the matrix

A below form a basis for the null space of Z,

o g
0 1
1 ]
A =]0 1 F
i 0
D 1
=1 =1
3 | 3
for : Z A = '§ Xi1 T Uy E ? Xi? 1 [0, 0]
i=1 e

Since the transpose of (18) must be a linear combination of the

columns of A, that is, B+ = A X, with A" = [A A.]l, we must have

: 2

1 If we assume the number of rows (T) to exceed the number of columns

(n.k*+1 = 7) the rank will in most realistic cases, be five. It could
be less if, for example, the ratio of advertising shares of two of
the brands were constant in all time periods, an event which is
highly unlikely.

19
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From the above,
parameters can be derived

- Two restrictions on the ﬂi

and

- Two

and

- Unpe

—

-

the following independent restrictions on the

5, namely 811

= B

1 gq» and Byy = Bags

thus,

Brq = Byq = Bgy = A, L1:8)

- L] i — =

restrictions on the BiE s, namely 312 822, and 812 832,
thus;

B12 = Byy = Bgp = 3, -
constraint relating the parameters and the sum-constraint,

3

.E a, + A 12 = ¥ = B. (24 ]

i=1



After substituting out the restrictions on the Bij 's, the lj'a

.1
become the unknown coefficients in the McGuire, Farley, Lucas and

Ring model [15]. Compare with the first explicit example given in

section 2, where ;: B, = B =l1 and Ty ®F & X

i 2

Example 2

Equations (13), (14), and (15) remain unchanged, but equation (18)

is replaced by,

that is, the observation vector for the second variable is the same

2
for each brand, and is therefore called a homogeneous variable

1 The constant terms in our model are called brand dummies 1in their's.

More generally, homogeneous variables mean, b1x1 = b2K22 b3x32,
where the b, 's are scalars. A typical example nﬁ a homogeneous
variable [with b, = b, = b,) is disposable income. In a brand sales

model, the explanatory role played by such a variable may be easily
understood, since product-class sales may be income elastic. In a
market share model, however, its presence among regressors can hardly
be justified, for having disposable income as a determinant of market
shares would imply that the various brands' sales could be differentl
affected by its level. Hence it would indicate a rather substantisl
product differentiation between brands and in such a case of monopo-
listic competition, a market-share model (designed for oligopolistic
structures) would be inappropriate. Let us note furthermore that a
market-share specification is often chosen precisely, to eliminate
the influence of environmental variables (disposable income, weather

conditions, ...] which are assumed to affect all brands in the same
way .

21



It will be clear to the reader that Z now has a rank of at
most four. As in the first example, we assume the rank to be exactly
equal to four. Thus there must now be four constraints on the
parameters, and it is easily verified that the columns of the matrix

A below form a basis for the null space of 2,

B
0 1 1
1 0 0
A = 0 | 0
1 ] O
[ 0 -1
=1 0 0
3 | |
= = ] - | ] - -
for Z A 151 Kl1 uq : X12 122 : qu XBE [B,0.0] ;
and thus we must have,
l1
-
11 h1
+
S Y I s Y
I
-
fl1 -

which implies,

22



]
1
2t
=
I
=t
Los
|
-

L]

11 10 Paq 17 P34 1
Bin = Xy % Ags Bgy = “Ags Bgy - Ay o
a, *+ &, * O - 1 = —11

It follows that,

Byqg = Boq = Bayq = Ay oo
By, * Byy * By, = 0, and
.o, + A - 1 = 0.

(G 1

Discussion

The results of the first example are the same as those obtained by
applying the Naert-Bultez theorem. The second example illustrates how
the conditions have to be changed if some or all of the variables are

homogeneous instead of sum-constrained.

Schmalensee has also derived necessary and sufficient conditions
which parameters of linear sum-constrained models must satisfy in order
to be logically consistent [EE;p.1UQ—11I. He obtained the same results
as those derived in [18], and it might be of interest to discuss his
analysis. In a first theorem, he demonstrates that if for a given
explanatory variable, the n corresponding observation vectors are
linearly independent, then either, the corresponding coefficients must
be zero, or the variable vectors must be sum-constrained. From this

he concludes that "for all practical purposes”, variables which are

23



not sum-constrained cannot enter the model [2S,p.111]. In a second
theorem, he then derives necessary and sufficient conditions for

logical consistency, assuming linear independence for the n observations
vectors corresponding to each of the explanatory variables. This
assumption in fact excludes homogenecus variables from entering the
model. In his doctoral dissertation this point is made more explicit,
when in commenting his first theorem, he states : "Other results of

this kind are possible, of course. For instance, if all components of
xij are equal for all i, it is clear that the sum of the corresponding
coefficients must be zero” [24,p.49, and slightly adapted to fit our

notation] .

Beckwith's counterexample

In [4], Beckwith has presented a counterexample to the Naert-Bultez

theorem, i.e. the following specification,

= + " =
yg = Xy By + €4, with By = [B;,. By, «-0n Byl

for all i but the last one, and

n-1

‘yn = e LI.T = i.E.1 xi Bi + En .

The equation corresponding to the last group of observations is thus

defined in an ad hoc manner, to meet the sum constraint.

Transforming his case to three brands and two variables, as

in our previous examples, and not imposing any prior constraints on

24



the parameters, we can rewrite it as

Yq = X181 * X428y, Y 142)

Y, = X21B21 * X5085, ey 123)
i s 1 1 2 2 2 2

Y3 7 %31 * X3qBgq ¥ XgpB3, ¢+ X583, ¢ 32835 * €3 . [(24)

In Beckwith's example,

YE, % =%

3k for 1 = 1, 2 and k = s 2

ik

that is, the variables are Sum-constrained in the following way,

Kah + xik = B0 for 1 = 1. 9 and k = 1, 2,

The dependant variables are alsao sum-constrained,

3

iaq ¥y T T ug

Given the constraints on the explanatory variables, the rank of the

Z matrix,

25



will normally be equal to five. The columns of A below form a basis

for the null

space of Z,

1 0 0 o
0 1 0 0
o o0 1 o
A=|o o o0 1
1 0 0 o
0 1 0 O
0 0 1 o0
0 o0 0o 1
0 0 0 o
Tar 2 A= Ky * gy Xy * X5yl Xgy Xarl Xpp * X3
. i
or, £Z A = [D0,0,0,0]1, since : Xik * X3¢ = 0.

Since E+ must be a linear combination of the columns of A, the

following constraints must be satisfied,

Observing tha

Substituting

specified by

A
1 \
Biqg = 2y . 12
1 A 3
Bap = A, 1 A
2 Ao ¥
831 = 13 = since A . = 11
2 3 A
332 lq " 34 12
& ]
L r:t = ] J‘q
g

t (22) end (23) do not contain 8 constant term, that is,

the last expression reduces to

re.

these constraints into equation (24), we obtain the model

Beckwith. In so far as explanatory variables can be



treated as sum-constrained, these same parameter constraints can also

obtained by

applying the Naert-Bultez theorem.

To do justice to Beckwith, however, We should say that his

example could also be presented as one with homogeneous variables, by

defining them as follows,

The rank of

= X s FOP X 1, 2 and Kk

ik 1, 2-

7 remains, of course, unchanged. Applying the theorem

presented in this paper we ultimately obtain,

11

12

21

22,

Thus we can

(identical)

= 11. 831 = —11, or B,, * 831 = O,

= Ay Béz = “Xy, or By 5;2 = Kk

- Ny, B2, B g it By, ¢ BGy = 0s

= Ay Bgz = ~Ag, or By ¥ Bgz = g
r:-

regard Beckwith's example both as one with homogeneous

or as one with sum-constrained (summing to zero) variables,

27



because each time the homogeneity only involves two variables1

Abstracting from the fact that Beckwith's intention was to
present a counterexample, a final comment should be made. It does not
relate to the derivation of constraints, but is nevertheless Very
important. The fact that a model is logically consistent, does not
mean that it has any economic meaning. Why should, for example, the
specification of brand 3, in his case, be so different from that of
the other brands ? Why should brand 3's market share be determined
by variables relating to brands 1 and 2, but not to brand 3 itself ?

A similar line of thought is discussed in McGuire and Weiss [16,p.301].

It is our hope that the theoretical development presented at
the beginning of this section may serve to spread some new light on
logical consistency of linear models. The theorem derives its major
interest from the fact that it allows for both homogeneous and sum-
constrained explanatory variables, by concentrating on the relation

that must exist between parameter and variable constraints.

Varying r

t

Up to now we have assumed that r = r¥ y that is r. = %, for all £.

T E

Let us now explore the case of varying r McGuire and Weiss have

t'l

! When more than two variables are involved, regarding homogeneous

variables as sum-constrained ones results in loss of degrees of
freedom in the parameter vector.

28



argued that if the sum constraint is known for each time period, the
problem is irrelevant. We do not quite agree. Suppose that brand sales
equations were used instead of market share equations. Logical
consistency would reguire brand sales to sum to industry or product-
class sales, a time varying gquantity. This does not seem irrelevant

to us. The problem may perhaps be trivial, but that 1s another matter1

In [18] one of the conditions was E?= According

1 15t~ %3¢
to McBuire and Weiss this is a definition, not a condition. It should

be clear, however, that Ejt cannot take on any arbitrary value., since

logical rarnczcistency conpditions must be looked at simultaneously and

not in tsulation. Thus, excluding homogeneous variables, the c

JE
should satisfy the constraint,
B % B Ky B B Py (25)
=1 4 =1 793 5% t :
as shown in [18] . It would then follow that for Ty ™ r#, the
explanatory variables must sum to a constant value, that is, Ejt = cj.

That is, with k = 2, n = 3, ¢, = ¢_ = 1, r#*

1 > 1, condition (25) reduces

n

to {21).

These constraints are comparable to the identities in macro economic
gimultaneocous equation systems. For example, taking avery simplified
version of such models, we have as a constraint that consumption
plus savings must be equal to income, which varies over time. Nobody
would consider these restrictions to be irrelevant.
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In our previous work we also discuss logical consistency on
a subset of brands. McGuire and Welss criticize this by writing that
only if a subset of brands can be treated as a market (independent of
the deleted brands), sum constraints on that subset become relevant.
Or to quote them, "... we would call the subsystem a complete system
ana normalize the market share (and explanatory variables where
appropriate)..." [16,p.300]. This is exactly the conclusion we arrived
at in [18]. We used a market studied by Beckwith ([2].[3]) to illustrate
some of the implications of taking a subset of brands. Beckwith
considered five brands, representing about ninety eight percent of
the market. Two remaining brands served very specialized market
segments. In his study, it was assumed that brands other than the
five nnder study had no advertising expenditures [2,p.56], that is,
‘hway were normalized. Our analysis led us to conclude : "It would be
better in this case to regard the market captured by the 5 brands as
the total market, 1.e., express the market shares of the individual

brands as a percentage of rt" [18,p.336] ., Perhaps we did not sufficiently

stress the implications of this conclusion.

4. CONCLUSTION

In this paper we have derived logical consistency conditions
by relating constraints on explanatory variables and on parameters, in

linear sum-constrained models. This approach allows to simultaneously
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consider homogenecus and sum-constrained explanatory variables, thus
gliminating the confusion, errors, and misinterpretations that have

plagued the area.

While this and some previous papers have contributed to our
understanding of logical consistency in linear models, we want to
stress again as we did in [18], that the conditions are such as to
indicate some major limitations of linear market share models. 1F
logical consistency is desired, linear specifications are not particu-
larly appropriate and other structures such as, for example, attraction

models are to be recommended.
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APPENDIX

Let, Z = [K1, Xz, .. Kn. UT]. and
[S+I' = IBFJ Eé; # 8 & 3 ﬁl" [Ur a - 1—-:]1 8
where, Xi = a Txki observation matrix related to cross-sectioen i

(excluding the constant temm],

UT = a [x1 sum vector,

Si = a kix1 - vector of parameters relating to cross-section i,

@ = the nx1 vector of constant terms,

r* = the value the dependent variables sum to in each period.
Theonrem

The necessary and sufficient conditions relating constraints on

parameters and on explanatory variables are given by,

B = A X, B g

where, A is a [Eiki + 1)xuU matrix, whose columns form a basis for the

null space of Z, and where A is a ux1 vector of proportionality factﬂr51

L For related work see, for example, Theil [27.chapter 7].
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Proof :

In the body of the paper (equation (10)) it has been shown that sum-

constrained dependent variables require,

Z B =0, (A.2)

that is, the vector B* must be a solution to the system of homogeneous

linear equations,

i a = 0; (A.3)
The theorem states that A consists of v linearly independent vectors
satisfying (A.3). Since the columns of A form a basis for the null space

of Z. the latter's rank must egual n., where n = I[Eihi] + AF =,

Sufdiciency :

A X is a linear combination of vectors satisfying (A.3), and must

therefore also satisfy (A.2).

Necessdidy :

Suppose there exists a solution B+ = B%, such that, B* # A A. Since B%
is 8 solution to (A.3], that dis, Z B = 0 it must belong to the null

space of Z. Since, however, B* cannot be written as a linear combination

L
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of the columns of A, it would follow that these do not faorm a basis
for the null space of Z, which is in contradiction to the definition

of A. The vector B¥* can therefore not be a solutien of Z a = D, which

completes the proof.



REFERENCES

Barnett, Arnold I., "More on a Market Share Theorem”, Journal of

Marketing Research, 13 (February 1876), 104-9.

Beckwith, Neill E., "The Response of Competing Brands to Advertising :
A Multivariate Regression Test", unpublished doctoral dissertation,
Purdue University, 1970.

» "Multivariate Analysis of Sales Responses of Competing

Brands to Advertising”, Journal of Marketing Research, 9 (May 1972),

168~7E,

» "Concerning the Logical Consistency of Multivariate

Market Share Models", Journal of Marketing Research, 10 (August 1973),

341*4'
Bell, David E., Ralph L. Keeney, and John D.C. Little, "A Market

Share Theorem", Journal of Marketing Research, 12 (May 1975), 136-41.

Bultez, Alain V., "La Firme en Concurrence sur des Marchés Interdé-
pendants”, unpublished doctoral dissertation, Catholic University
of Louvain, 1975.

» "Econometric Specification and Estimation of Market

Share Models : The State of the Art”, in Edgar Topritzhofer (ed.),

Marhetiﬂg : Neue Ergebnisse aus Forschung und Praxis, Wiesbaden

Gabler Verlag, 1878, 239-63.

+ and Philippe A. Naert, "Estimating Gravitational Market

Share Models", Working Paper 73-38, European Institute for Advanced
Studies in Management, 1873.

. » "Consistent Sum-Constrained Models", Journal

of the American Statistical Association, 70 (September 1975), 529=-35,

35



10.

19

12.

13.

14

15.

16.

g [

18.

193

36

koehler, Gary J. and Albert R. Wildt, "Charaecterization and
Estimation of Admissible Loerically Consistent Parameters for
Constrained Linear Models”, unpublished Research Report 78-6,
Department of Management, University of Florida, May 1978.
Kuehn, Alfred A., Timothy W. McGuire, and Doyle L. Weiss,

"Measuring the Effectiveness of Advertising", Proceedings,Fall

Conference, American Marketing Association, 1966, 185-94,
Lilien, Gary L., "Model Relativism : A Situational Approach to

Model Building”., Interfaces, S5 (May 1975), 11-20.

Little, John D.C., "Models and Managers : The Concept of a

Decision Calculus”, Management Science, 16 (April 1970), B-4B6-86,

» "BRANDAID : A Marketing-Mix Model, Part 1 : Structure",

Operations Research, 23 (July-August 1975), 628-55.

McGuire, Timothy W., John U. Farley, Robert E, Lucas. Jr., and
L. Winston Ring, "Estimation and Inference for Linear Models in
which Subsets of the Dependent Variable are Constrained", Journal

of the American Statistical Association, B3 (December 1968), 1201-13.

» and Doyle L. Weiss, "Logically Consistent Market Share

Models II1", Journal of Marketing Research, 13 (August 1876), 29B6-302.

5 , and Franklin S. Houston, "The Multinominal

Logit as a Model for Demand Relationships"”, Working Paper 254,
Faculty of Commerce and Business Administration, University of
British Columbia, May 1974.

Naert, Philippe A.., and Alain V. Bultez, "Logically Consistent Market

share Models”, Journal of Marketing Research, 10 (August 1973),

334-40.

" » "A Model of a Distribution Network Aggregate

Performance” , Management Science, 21 [(June 1875), 110291192,




20,

o

2L,

25

241

5T

26.

27

28.

, and P.S.H. Leeflang, Building Implementable Marketing

Models, Leiden, The Netherlands : Martinus Mijhoff, 1878.

Nakanishi, Masao, "Measurement of Sales Promotion Effect at the

Retail Level - A New Approach”, Proceedings. Spring and Fall

Conferences, American Marketing Association, 1872, 338-43.

, and Lee G. Coaper, "Parameter Estimation for a Multi-

plicative Competitive Interaction Model - Least Sguares Approach”,

journal of Marketing Research, 11 (August 1874), 303-11.

Paelinck, J.H.P. and D. Tack. "Distance Interaction : Rationale,

Estimation, and Computing", Revue Belge de Statistique, d'Informatique

et de Recherche Opérationnelle, 13, No. 4 (December 1979), 18-68.

Sehmalensee, Richard L., "On the Economics of Advertiding",
unpublished doctoral dissertation, Massachusetts Institute of
Technelogy, 1970.

, The Economics of Advertising. Amsterdam : North-Holland

Publishing Company, 1972.
Theil, Henri, "A Multinominal Extension of the Linear Logit Model”,

Tnternational Economic Review, 10 (October 1969), 251-9.

, Principles of Econometrics, New York : John Wiley and

Sons, 1871.
Weverbergh, Marcel, "Restrictions on Linear Sum-Constrained Models
A Generalization®,Working Paper 76-17, Centre for Managerial

Economics and Econometrics, UFSIA, University of Antwerp, January

1876



