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BY MEANS OF OPTIMALLY ROBUST STATISTICS
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Abstract

It is showed that Hampel's optimal robustification

method not only applies to M-estimators, but also to L-

estimators and R-estimators. Both location and scale models

are considered. By means of influence curves of general

statistics, these results are extended to the corresponding

tests on one or two samples. The purpose of the present

paper is to guide the user of statistical methods by selec-

ting, in each of these classes of statistical procedures,

those techniques that are optimally robust.



1, INTRODUCTION: HAMPEL'S OPTIMALITY LEMMA

Let the parameter space © be a convex open subset of R.

The statistical model {Fgs8€ 9} consists of cumulative dis-

tribution functions (caf) on (R (which we identify with the

corresponding probability distributions), with absolutely

continuous and strictly positive densities f g(x) with res-

pect to the Lebesgue measure X. We assume that fy (x) is

differentiable with respect to 8, and we denote the deriva-

tive by fg(x). Let 6) belong to 0, and put F: where the

 

0
Fisher information

I(F) s= S(2g /f )Par, (1.1)
o % 0

satisfies 0 < I(F) < © , and where ft (x)dA(x) = 0. (The

latter equality is only a regularity condition, since it

holds if the order of integration and differentiation may

be interchanged.) A standard example of such a parametric

model is Fo (x)=0(x-8) » where 9 is the standard normal dis-

tribution, O=R anda 8 )=0 °

We shall now state Hampel's optimality lemma, as it was

published in ({1], page 391).

Lemma Hampel) Suppose the above conditions hold, and let

b>0 be some constant. Then there exists a real number a

such that

X(x) r= (tg (e)/tq(x))-2]?, (1.2)

(where the notation means truncation at the levels b and

-b) satisfies SXaF g = 0 andc := SXE4 dA > 0 . Now X
0 0



minimizes

yar, /[ixrg ar]? (1.3)
0 0

among all mappings x that satisfy

[xaF,p = 0 (1.4)
0

fxf4 ad #0 (165)
0

b
sup, eplx(*)/Sxty dA| < k 2 (1.6)

 

0

This lemma was introduced in order to find optimally robust

M-estimators (see section 2.2). It has indeed been argued

that M-procedures should be most appropriate for robustness

theory, and much work has been concentrated there. However,

it is clear that procedures based on ranks (R-procedures

for short) have their own advantages in view of nonparame-

trie theory, even when efficiency is considered ([2]). On

the other hand, procedures based on linear combinations of

order statistics (L-procedures) are easy to perform, and

some of them turned out to be favourable in another robust-

ness context ([3]). Therefore, the extension of known

results to these cases appears to be of interest.

2. OPTIMALLY ROBUST ESTIMATORS

2.1 Definition of the influence curve

Consider again the above parametric model. Our aim is to

estimate the unknown parameter 9. An “estimator" is actually

a whole sequence of statistics T(x
N

sample size N. Suppose there exists a functional TM, (IR )> R

pert May) > one for each



(where /t(R) is the space of all signed measures with

mass 1 on R), such that By (yee oxy) converges in proba-

bility to T(G) when N+ ana the observations are indepen-

dently identical distributed (iid) according to the true

underlying distribution G.

We shall suppose that all estimators appearing in this

section are Fisher-consistent, that is

T(Fy) = 0 for all @ in 0. (2.9)

In this case, the influence curve (IC) has been defined by
Hampel ({1]). Denote by 5, the Dirac probability measure

in x, for all x inR. For all €, we construct Be x=
>

(1-e)F + e6, in At. (R). The influence curve of the Fisher-
consistent functional T at F is defined by

IC(T;F;x) := lim,[t(F, .)-T(F)]/e

for all x in which the limit exists. (Hampel originally

used a right hand limit, but later it was replaced by the

present two-sided limit for mathematical convenience.)

The IC describes the influence of outliers in the sample
on the value of the estimator. Therefore, Hampel ([1)) in-
troduced the gross-error~sensitivity

y*(T,F) := SUP, eR |To(@sF5x) | ‘ (2:2)

A bounded IC leads to a finite sensitivity to outliers,

which is a desirable feature. Under sufficient regularity

conditions (implying asymptotic normality), it holds that

f1c(T;F;x)°ar(x) = o* (2.3)



where o is the asymptotic variance of the estimator. The

asymptotic efficiency e at F equals (o°1(F))7! . Therefore,

one attempts to make o as small as possible, Hampel's

optimality lemma will enable us to construct estimators

which minimize o under the side condition of an upper

pound on the gross-error-sensitivity y*.

2.2 M-estimators

From here on, we shall restrict ourselves to the location

and scale models. In the location model we have Fo (x)=F(x-6)

with 6)=0 . A location M-estimator ([4]) is defined by means

of the implicit equation

)=O , (2.4)

where (x,t)=x(x-t). Here x is a piecewise continuous and

piecewise differentiable mapping, which satisfies

fxaF = 0 (2..5:)

(reflecting Fisher-consistency), and

Ix'ar = Sxfg ad # 0 (2.6)
0

(which is a regularity condition). Obviously, and Xx are

only defined up to a factor. For the IC, we obtain ([4])

Ic(T;F5x) = iad > (2.7)

which we can also write as

Ic(@3;Fsx) = 7h z (2.8)

Now we are in a position to apply Hampel's optimality lemma.



The mapping X, determined by (1.2), defines a location

M-estimator which is Fisher-consistent (1.4) and for which

the IC exists (1.5). Its asymptotic variance o* > which is

given by (1.3) because of (2.3), is minimal for a given

upper bound k on the gross-error-sensitivity y*. We say

that X determines an optimally robust M-estimator. At the

8
standard normal (F=6) we fina (f? (x)/f (x)) = x, so a=0.

0 0
We then obtain

~ bX(x) = [x]? , (2.9)

which is called a Huber estimator ([5]). If the condition

on y* were abandoned, then we would simply obtain the

maximum likelihood estimator given by Xo (x) = (3 (x)/
0

fy (x)), which in this case equals the arithmetic mean.
0

From a robustness point of view, the latter estimator is

not acceptable because y* = ©

The scale model is given by Fa (x) = F(x/68), where

e= Rt and 8o=1 + An M-estimator of scale is also given by

(2.4), but now W(x,t)=x(x/t). We suppose the mapping x is

still piecewise continuous, piecewise differentiable and

satisfies (2.5), but now (2.6) is replaced by

Syx'(y)ar(y) = Ixfg ak #0. (2.10)
0

(Note that the expression f4 has different interpretations
0

in (2.6) and (2.10).) One obtains

Fy) = XxIe(T3F3x) ator , (2,11)

which equals the expression (2.8) because of (2.10). Again



we can apply Hampel's optimality lemma. At the standard

normal, we obtain the estimator given by

~ 2 b
R(x) = ke - 14 - a]? : (2.12)

which also goes back to [5].

2.3 R-estimators

One-sample R-estimators of location are described in

[4]. They are based upon a score-generating function

o:[0,1]+R (sometimes denoted by J) which is only defined

up to a factor, and which satisfies $(1-t) = -$(t) for

all t. We assume that $¢ is piecewise continuous and piece-

wise differentiable. The influence curve of the correspon-

ding estimator is given in [4]. Defining the transformation

Ue) 2 Sry eGR)1-F(20(F)-y) ]£(20(F)-¥ aay) ana
putting x(x) = U(x)-fU(t)aF(t) , we see that the IC equals

(2.7). Therefore, Hampel's lemma can be applied: if there

exists an admissible $6 to which a xy corresponds which is a

multiple of X¥, then $ determines an optimally robust R-esti-

mator. At the standard normal (F=6) we obtain

B(t) = fo" ey7®, 7 (2.13)

which is a truncated normal scores function. This estimator

is similar, but never identical to Jaeckel's minimax solu-

tion ({6]), as a simple verification shows. One-sample

R-estimators for the scale model do not exist.



L-estimators

Location L-estimators are of the form

= oN (4)Ty (ey ee oy) = 2521 84* > (2.14)

where x61) < < x) is the ordered sample. The weights

a; are generated by the formula as had /fist) ym i/n]
Sto ,1yhar > where h:[0,1]+[R. is Lebesgue integrable and sa-

tisfies fto,1y2a #0 . Clearly, h is only defined up to a

nonzero factor. (Therefore, one sometimes works with the

standardized version J(u) = n(a)/F oq yyhaa 3; see [7].) Un-

der diverse sets of regularity conditions (for a survey,

see [8]. page 15) these estimators are asymptotically nor-

mal. By differentiation of the functional

T(G) = Sxn(G(x))dG(x)/Sn(F(y) )aF(y) >

one calculates the influence curve ([7]). Performing the

substitution

X(x) 5 Tho xphlP( ary) = FTF Eo epB(P Oy) aay) J aR (+) $

one again obtains (2.7). Its denominator equals Shak #0 ,

and we still have (1.4). This enables us to apply Hampel's

optimality lemma. If an admissible mapping fi exists for

which the corresponding x is a multiple of X, then fi deter-

mines an optimally robust L-estimator. At the normal (F=0)

we obtain the trimmed mean

i= Zt09| = ‘Tos t-o] ¥ (2.15)

with a=o(-b) . This simple estimator is quite popular

because it appeals to the intuition: one removes a fraction

10



@ of the smallest and the largest observations, and one

calculates the mean of the remaining ones. If we let b

tend to zero, then the gross-error-sensitivity y* = k

approaches its lower bound (nj2) 1/2 = 1.253 and we obtain

the median.

L-estimators of scale are defined by Ty of the form

(2.14), but now the scores are generated by the formula

a, = Cama ypmyasmpPO/S fo ypR(HF(t) aa (4) , 80

T(G) = fxh(G(x))aG(x)/Syn(F(y))aF(y)

where h satisfies Syh(F(y))aF(y) #0. Performing the

same transformation of h into x one obtains (2.11), ana

our earlier result (2.12) can be translated. At the stan-

dard normal, the optimal X bring about the solutions

A(t) = o'(4) for |(@7'(t))?-1-a] <0

0 elsewhere (2.16)

for suitable a and b. If b tends to zero, then y* =k

tends to its lower bound (4@~'(0.75)v(@71(0.75)))7! = 1.417
(where v is the normal density), and we find the inter-

quartile range estimator.

3. OPTIMALLY ROBUST TESTS

3.1 Definition of the influence curve

Making use of the same model {Fy3¢€o} >» we now want to

test the null hypothesis 6 = 8% against the two-sided

il



alternative 6 # 8 >» or against a one-sided alternative

(6 > 8 or 6 < 84). As in subsection 2.1, one defines a

sequence of statistics Dy (Ky ores 0X which converges tow

a functional T. One compares the test statistic Ty with

one or more critical values, which depend on the level.

172
/ 2,(In practice, one often works with W or NT, as is

N N

the case with rank statistics.) However, T is not neces-

sarily Fisher-consistent any more (condition (2.1)); for

example, by rank tests it is not.

In order to extend the definition of the IC to this

case ([9]), one introduces the mappings Ey OeR defined

by (8) :=Bg(T,] » and one assumes that they converge

pointwise to the mapping &, defined by £(6):=2(F9). It

is also assumed that § is differentiable and strictly

monotone, so eo) exists. Now define U(G) as e~'(n(G))3

this new functional U is clearly Fisher-consistent. The

influence curve of T at F is then defined as Hampel's IC

of U at F. (Note that this new definition generalizes the

previous one.) In case £'(6,)#0 >» it can be calculated by

re(tsFsx) = s2tlr, I geg J EM(8) 6 (8-1)

The definition and the interpretation of the gross-error-

sensitivity (2.2) remain the same.

The performance of a test is measured by its asymptotic

(Pitman) efficacy a >» which equals

oc? = lim. [et(0,)]?/n Varg [ty] (3.2)

under certain regularity conditions ([10]). From Cramér-Rao

12



it follows that 0 < ee < I(F) , so one can define the

asymptotic efficiency e as e°/1(F) . Under certain regu-

larity conditions, it holds that ([9])

2-4
)SIC(T3F3x)°aF(x) = (ec ‘ (3.3)

We conclude that the expected square of the IC plays the

same role as in the preceding section, as does y*. This

enables us to apply Hampel's optimality lemma in this

case also.

3.2 Tests of the types M and L

In section 2 we have met Fisher-consistent estimators

Ty of the types M and L. These statistics can also be used

for the testing problem. Asymptotic normality of M-estima-

tors has been showed by Huber ({5]). Under diverse sets of

regularity conditions, L-estimators are also asymptotically

normal ([8], page 15). Therefore, if one wants to test the

null hypothesis 8=8) > it is natural to use the test sta-

tistics

vw (T, - 6.) > (3.4)

where Ty is an M-estimator or an L-estimator. In the loca-

tion problem one works with /v Ty » and in the scale case

one uses /N (2g=0) . At the null hypothesis, the limiting

distributions of these statistics are normal with mean

zero. Therefore, one only has to compile tables for the

critical values up to a certain N, whereafter the asympto-

tics take over. The optimally robust statistics Ty of the

13



types M and L were already found in sections 2.2 and 2.h,

so we only have to insert them in (3.4).

3.3 Location rank tests

One-sample rank tests only exist for the location

problem ([11]). They test the hypothesis of symmetry, so

we suppose that F is symmetric about zero. Let Ry be the

 

rank of | in the sample Hyoeee skys Rank statistics

are of the form

< i 3 Feat :
Ty = y liey ay(R:) sign(x,)

(in practice one often uses NT, ). The scores ay (i) are

: + : : :
ge erated by a function $ :[o,1J-R which is square inte-

grable and nondecreasing. The statistics Ty converge to

+ .

t(G) = S67(G(|x|)-G(-|x|))sign(x)aG(x)

which is not Fisher-consistent, and it holds that

1

To(TsP3x) = o*(2F(|x|)-1)sign(x)/So*(u)o*(u,f)au
0

(see [9]). Here ot (ue) = -21(r7 (eda) )/e(P (Gea)

corresponds to the most efficient rank test. Putting

x(x) := 7 (2R(|x])-1)sign(x) (3.5)

the IC becomes of the form (2.7), so we can apply Hampel's

optimality lemma. At the standard normal, the optimally

robust solution is given by

+ * St 1Bi (u) = minfo '(dedu) yb, (3.6)

which is a truncated version of the normal scores function.

14



4. STATISTICAL PROCEDURES ON TWO SAMPLES

4.1 Definition of the IC

Suppose that for given N we have two samples Kyoree eM)

and YorrsoVndn) ¢ Here m(N)+n(N)=N and lim m(N)/N =r ,N00

where 0 <r <1. The "location shift" model asserts that

the first sample is G-distributed and the second one is

F-distributed, where G(x)=F(x-0). This @ belongs to 0 ; put

6.=0 . One uses statistics By (x +X SV pores o¥y) that areyour

invariant with respect to an identical shift of both

samples. Assume that T, converges to the functional t(u!,H?)

if the observations are iid according to u! and H° . Define

£68) as the expected value of Ty when G(x)=F(x-8), and

assume that en tends to &, defined in the same way as the

value of T. We say that T is Fisher-consistent if &(8)=9

for all 6. Again we suppose that &€' and el exist, and we

-1 1
define u(H!,H?) ss (T(H wH?)). We now put

O,(T5Fsx) = Lim,fu(F, .»F)-ulPsF)]/e at

To,(T3Fsy) = tim,[U(FOF, ,)-U(PsF)]/e

in all points where the limits exist. The case of a para-

meter of relative scale is treated analogously.

If we suppose the symmetry property TC, (T3F3x) =

~1C,(T3F3x) to hold, then we can restrict consideration to

Ic, (visualizing the influence of outliers in the first

sample). Under the assumptions of [9] it holds that

2\-1JTC, (TsF3x)?aP(x) = r(i-r)(c*) (4.2)

LS:



where ar is the Pitman efficacy. Putting

y*(T,F) = SUP eR |Ic,(TsFsx) | > (Clb 23.)

we have all the elements to apply Hampel's optimality

lemma to this case.

4.2 Statistics of the types M and L

Two-sample statistics of the types M and L can be con-

structed easily. In the location case, one selects a one

sample M-estimator or L-estimator for location which cor-

responds to a Fisher-consistent functional S and a

sequence {sy}, and one applies it to both samples. The

two-sample statistic

Dy(Xy oes_QsVzore Vy) = BS(ey aeroSCFpoe Ty) (4b)

can then serve as an estimator of the location shift

parameter 6 or as a test statistic for the null hypothesis

8=0

In the case of relative scale (9 =1), one starts with a
0

one-sample M-estimator or L-estimator for scale, and one

replaces subtraction by division in (4.4). In both cases,

the resulting Ty converges to a Fisher-consistent functio-

nal T, and one obtains

IC, (TsFsx) = Ic(S3F3x) = -10,(T5F 5x) : (4.5)

As we obtain the influence curves of section 2, our

previous results can be translated directly to yield op-

timally robust two-sample statistics of the types M and L.



4,3. Two-sample rank statistics

Two-sample rank statistics for location are given by

=i smty = bly eg (Ry) (4.6)

((11]), where R; is the rank of xs in the pooled sample.

In this subsection, we again assume that F is symmetric.

The scores ay correspond to the scores function o:[0,1]+R

which is nondecreasing and odd (that is, $(1-t)=-o(t) ),

so Jo(F(x))dF(x) = 0 . The statistics Ty converge to

a(n) n?) = so(ru!(e)+(1-r)He(t) an(t)

which is not Fisher-consistent. It holds that

IC,(TsFsx) = 6(F(x))/S(dor) '(t)ar(t)

(see {9]). We can apply Hampel's lemma with

x(x) = O(F(x)) (4.7)

If ¥ is skew-symmetric and nondecreasing, then the mapping

$(u) = (F(a) is acceptable and determines an optimally

robust two-sample rank statistic. At F=0, we obtain

b
=p ?(a) = [6 '(u) (4.8)

a truncation of the Van der Waerden scores function.

Two-sample rank tests for scale are based on (4.6)

where the scores correspond to a scores function oy > this

time supposed to be even (9, (1-t)=$,(4)) and nondecreasing

for u > ; . Because o, is defined up to a positive affine

transformation, we may still assume that So, (F(t) )ar(t)=0.

17



It holds that

Te,(TsPsx) = 6, (F(x))/St(p oF) '(t)ar(t)

(see [9]). We now put x(x) = 6, (F(x)) » obtaining (2.11).

If the mapping X given by Hampel's lemma is symmetric and

nondecreasing for positive arguments, then the scores

function $, (a) = x(F'(n)) is acceptable and determines

an optimally robust solution. At F=¢, this amounts to

= b(a) = [Ce Tu) )P-1-0)> (4.9)

which is a robustification of the Klotz scores function.

The two-sample rank statistics of this section can

also be used to derive two-sample estimators of location

shift or relative scale (see [9], subsection 3.3). As the

resulting estimators possess the same influence curves,

one only has to apply the optimally robust scores

functions that were determined above.
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