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Abstract

We consider a discrete-time queueing system with non-preemptive priority scheduling. Two classes
of traffic will be considered, i.e., high priority and low priority traffic, which both generate variable-
length packets. We will derive an expression for the joint Probability Generating Function (pgf)
of the steady-state system contents of the high and the low priority traffic. From these, some
performance measures (such as the mean value of steady-state system contents and packet delay
of high and low priority packets) will be derived. These will be used to illustrate the significance
of priority scheduling. Our results can be used to analyse performance of buffers in voice/data
networks.
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1 Introduction

In recent years, there has been much interest devoted to incorporating muitimedia applications in
IP networks. Different types of traffic need different QoS standards. For real-time applications, it
is important that mean delay and delay-jitter are bounded, while for non real-time applications, the
Loss Ratio (LR) is the restrictive quantity.

In general, one can distinguish two priority strategies, which will be referred to as Time Priority
and Space Priority. Time priority schemes attempt to guarantee acceptable delay boundaries to
delay-sensitive traffic (such as voice/video). This is achieved by giving it non-preemptive priority over
non-delay-sensitive traffic, and/or by sharing access to the server among the various traffic classes in
such a way so that each can meet its own specific delay requirements. Several types of Time priority (or
scheduling) schemes (such as Weighted-Round-Robin (WRR), Weighted-Fair-Queueing(WFQ)) have
been proposed and analyzed, each with their own specific algorithmic and computational complexity
(see e.g. [6] and the references therein). On the other hand, Space Priority schemes attempt to
minimize the packet loss of loss-sensitive traffic (such as data). Again, various types of Space Priority
(or discarding) strategies (such as Push-Out Buffer (POB), Partial Buffer Sharing (PBS)) have been
presented in the literature (see e.g. [15]), mainly in the context of ATM buffers. An overview of both
types of priority schemes can be found in [1].

In this paper, we will focus on the effect of non-preemptive time priority scheduling. We assume
that time-sensitive traffic has non-preemptive priority over time-insensitive traffic, i.e., when the server
becomes idle, a packet of time-sensitive traffic, when available, will always be scheduled next, but
newly arriving time-sensitive traffic can not interrupt transmission of a time-insensitive packet that
has already commenced.

In literature, there have been a number of contributions with respect to non-preemptive priority
scheduling. An overview of some basic non-preemptive priority queueing models can be found in
Jaiswal (3], Takacs [10] and Takagi [11] and the references therein. Khamisy et al. [4], Laevens et al. 5],
Takine et al. [13] and Walraevens et al. [16] have studied discrete-time non-preemptive priority queues
with deterministic service times equal to one slot. Khamisy [4] analyzes the system contents for the
different classes, for a queue fed by a two-state Markov modulated arrival process. Laevens (5] analyses
the system contents and cell delay in the case of a multiserver queue. In Takine [13], the system
contents and the delay for Markov modulated high priority arrivals and geometrically distributed
low priority arrivals are presented. Walraevens [16] studies the system contents and cell delay, in
the special case of an output queueing switch with Bernoulli arrivals. Furthermore, non-preemptive
priority queues have been considered by Rubin et al. {7], Stanford [8], Sugahara et al. [9] and Takine
et al. [12,14]. Rubin {7] studies the mean waiting time, for a queue fed by an i.i.d. arrival process.
Stanford [8] analyses the interdeparture time distribution in a queue fed by a Poisson process. In
Sugahara (9], a non-preemptive queue in continuous time is presented, with a Switched Poisson Process
arrival process for the high priority packets. Finally, Takine [12,14] studies a discrete-time MAP/G/1
queue, using matrix-analytic techniques.

In this paper, we analyse the system contents of high and low priority traffic in a discrete-time
single-server buffer for a non-preemptive priority scheme and a per-slot i.i.d. number of arrivals. The
transmission times of the packets generated by both types are assumed to be generally distributed. We
will demonstrate that an analysis based on generating functions is extremely suitable for modelling this
type of buffers with priority scheduling. From these generating functions, we can then easily calculate
expressions for some interesting performance measures, such as the mean value of system contents and
packet delay of both traffic types. These closed-form expressions require virtually no computational
effort at all, and are well-suited for evaluating the impact of the various system parameters on the
overall performance. This makes it possible to study the effect of priority scheduling and the impact
of the non-preemptive priority scheduling on the high priority traffic.

The remainder of this paper is structured as follows. In the following section, we present the
mathematical model. Before analysing the system contents at arbitrary slot boundaries. we first
analyse the system contents at the beginning of special slots in section 3. In section 4 we will then
analyze the steady-state system contents at arbitrary slot boundaries. In section 5. we calculate the
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moments of the system contents, while we give some numerical examples in section 6. Finally, some
conclusions are formulated in section 7.

2 Mathematical model

We consider a discrete-time single-server queueing system with infinite buffer space. Time is assumed
to be slotted. There are 2 types of traffic arriving in the system, namely packets of class 1 and packets
of class 2. We denote the number of arrivals of class j during slot k by a;, (j = 1,2). The bivariate
random variables (a1x,024) are assumed to be i.i.d. and are characterized by the joint probability
mass function

a(m,n) £ Probla; x = m, a4 = nj,

and joint probability generating function (pgf) A(z1, z2),

o
A(z1,22) & B[] 20 = z a(m,n)z]*23.

m,n=0

Notice that the number of packet arrivals from different classes (within a slot) can be correlated. We
define the pgf of the total number of arrivals during a slot by Ap(z) £ E[z%1.++%34] = A(z,z). Further,
we define the marginal pgf’s of the arrivals from class 1 and class 2 during a slot by A;(z) £ E[z%+] =
A(z,1) and Az(z) £ E[z°%*] = A(1, z) respectively. We furthermore denote the arrival rate of class j
(7 =1,2) by A; = A}(1) and the total arrival rate by Ar £+ A

The service times of the class j packets are assumed to be i.i.d. and are characterized by the
probability mass function

s;j(m) £ Prob[service of a class j packet takes m slots], m > 1,

and probability generating function S;(z),

Si(z) =Y sj(m)zm,

m=1

with j = 1,2. We furthermore denote the mean service time of a class j packet by u; = S_;-(l)‘

The system has one server that provides the transmission of packets. Class 1 packets are assumed
to have non-preemptive priority over class 2 packets, and within one class the service discipline is
FCFS. Due to the priority scheduling mechanism, it is as if class 1 packets (the high priority packets)
are stored in front of class 2 packets (the low priority packets) in the queue. So, if there are any class
1 packets in the queue when the server becomes idle, the one with the longest elapsed waiting time
will be served next. If, on the other hand, no class 1 packets are present in the queue at that moment,
the class 2 packet with the longest elapsed waiting time, if any, will be served next. Since the priority
scheduling is non-preemptive, service of a packet will not be interrupted by newly arriving packets.

Finally, we define the load offered by class j packets as p; £ Aju, (j = 1,2). The total load is then
given by p £ p; + py.

3 System contents at the beginning of start slots

To be able to analyze the system contents at the beginning of arbitrary slots, we will first analyze the
system contents at the beginning of so-called start slots, i.e., slots at the beginning of which a service
of a packet (if available) can start. Note that every slot during which the system is empty, is also a
start slot. We denote the system contents of class j packets at the beginning of the I-th start slot by
n,¢ (J = 1.2). Their joint pgf is denoted by Ny(z.22). ie..

Ni(zjoz0) 2 E {2202

a3




Clearly, the set {(n,,, ng,)} forms a Markov chain, since the number of arrivals of both classes are
ii.d. from slot-to-slot and only random variables during start slots are involved. If s} indicates the
service time of the packet that enters service at the beginning of start slot { (which is - by definition
- regular slot k) the following system equations can be established:

1. Ifny g =ng; =0:
i+l = Gk,
N+l = G2k,

i.e., the only packets present in the system at the beginning of start slot [ 4 1 are the packets
that arrived during the previous slot, i.e., start slot /. If the buffer is empty at the beginning of
slot [, we set s; = 0.

2. T nyy=0and nyy > 0:

s =1
ni+1 = z Q1 k+i;
i=0
-1
ngi+1 = ngp+ Z agk+i — 1,
i=0

i.e., the class 2 packet in service leaves the system just before start slot { + 1. In this case, s} is
characterized by probability mass function sy(m), since a class 2 packet enters the server at the
beginning of start slot .

3. Ifny, > 0:

s -1

n+1 = N+ Z ayp+i — 13
i=0
s -1

N2yl = Nt Zaz,k+i,
=0

i.e., the class 1 packet in service leaves the system just before start siot I + 1. For ny; > 0, 5 is
characterized by probability mass function s;(m), since a class 1 packet enters the server at the
beginning of start slot {.

Using these system equations, we can derive a relation between Ni{z1,22) and Nj;1(21,22). In the
remainder, we define E[X{Y'}] as E(X|Y]Prob[Y’]. We proceed as follows, taking into account the
statistical independence of the random variables sj, (n1,,n9;) and (a1 k4i,a2k+i).% > 0:

E [Z;‘X.l+lz;‘2.l+l]

= E [Z?l'kzgz'k {nl,, =ng = 0}]
o -1 -1
T gy Mot L G2kga-)
+E | 2°° 2y = {n11=0,n2; >0}

>

Nija(z1, 22)

o -1 a0 -1
gt 2 arke=l nggt a2,
1=0

+E | z; 2, {n1s > 0}

= A(z;.2;)Prob[n;; =ny, =0; = ME {25 ny = 0.nyy > 0}]

29
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+51(A(21,22))

21
= A(21,22)N(0,0) +
+ S1(A(z1, 22))

21

E [z;V 20> {nyy > 0}]

S3(A(21,22))
22

[Ni(z1, 22) — Ni(0, 22)] -

[Ni(0, 22) = Ni(0,0)] (1)

We assume that the system is stable (implying that the equilibrium condition requires that p < 1)
and as a result Ny(z1,22) and Ny41(z1,22) converge both to a common steady-state value:

N(z1,20) & Il_i'I;Nl(ZhZz)'

By taking the | = oo limit of equation (1), we obtain:

(o1 - Sy(A(zr, )| N(evoza) = = 2 A(z1, 22) _ZS2(A(Z"Z2))N(0y0) )
2

+ z152(A(z1,22)) - 2251(A(21,z2))
22

N(O, 22).

It now remains for us to determine the unknown function N(0, z;) and the unknown parameter N (0,0).
This can be done in two steps. First, we notice that N(z1,22) must be bounded for all values of z
and 27 such that |z;] € 1 and |z2] € 1. In particular, this should be true for z; = Y(2;), with
Y(z2) £ $1(A(Y(22), 22)) and |25| < 1, since it follows from Rouché’s theorem that there is exactly
one solution such that [Y(z2)| < 1 for all such 2z;. Notice that Y (1) equals 1. The above implies that
if we choose z; = Y(27) in equation (2), where |z3] < 1, the left hand side of this equation vanishes.
The same must then be true for the right hand side, yielding

2 ()50 = SH(AQ (7). 7))

N(0,2;) = N(0,0) 2~ S2AY (22), 22))

(3)

Finally, in order to find an expression for N(0,0), we put z; = z2 = 1 and use de I'Hospital’s rule in
equation (2). Therefore, we need the first derivative of Y'(z) for z = 1 and this is given by

Y’(l) = yl(A1Y’(1)+/\2)
- Ju @
1-p
We then obtain N(0,0):
1-p '
N(0,0) = ——— 5
(0,0) = oot ie (5)

A fully determined expression for N(z),22) can now be derived by combining equations (2) and (3):

21(224(21, 22) — S2(A(21, 22)))
(21 = S1(A(21, 22))) (22 ~ S2(A(Y(22), 22)))
+ 52(A(Y(22)7Z2))(51 (A(z1,22)) — 21A(21, 22))
(z1 = S1(A(21,22))) (22 — S2(A(Y (22), 22)))
A(Y( ) 2)(~152 A(z).22)) — 2251 (A(z1. 22)))
S1(A(z1. 22)) (22 = S2(A(Y (22),22))) |’

N(z1,z2) = N(0,0)

with N(0,0) given by equation (5).
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4 System contents at the beginning of arbitrary slots

In this section, we analyse the system contents at the beginning of arbitrary slots. The joint pgf of
the system contents of both priority classes at the beginning of slot k is defined as:

Ui(z1, 22) 2 E[z;"* 25%*).

In order to derive an expression for Ug(z21,22), we have to know the status of the server during slot
k. There are 3 possibilities: the server can be idle, a low priority or a high priority packet can be in
service during slot k. This yields

Uk(z1,22) = E [z;”"‘z;z‘k{no service}] + E [z;”"‘z;z"‘ {service class 2 packet}]
+E [27"* z,** {service class 1 packet}]
Uk(0,0)E [2)"*23>* |no service] + (1 — Ux(0,0)) (7)

U1k

{ %E [21* 23** |service class 2 packet]
+85 [ 23" |service class 1 packet]} .
)

The last transition is found as follows: the server is idle during a slot if and only if the system was
empty at the beginning of the slot, i.e., Prob[no service] = Ui(0,0). On the other hand, if the server
is busy during slot k, a class j packet is being served with probability p;/pr (j = 1,2). Ifslot kis a
start slot, we will assume that it is start slot [. If slot k is not a start slot on the other hand, the last
start slot preceeding slot k is start slot . Equation (7) then becomes

Uk(z1,22) = Ui(0,0)+ (1 - Ui(0,0)) (8)

{%E [ mg = 0,may > 0+ SB[ 25 g > 0]} :

This can be understood as follows: the server is idle during slot k if there were no packets in the
svstem at the beginning of slot k, a class 2 packet is being served during slot k if there were no class
1 packets and at least one class 2 packet in the system at the beginning of start slot [ and a class 1
packet is in service during slot k if there was at least one class 1 packet in the system at the beginning
of start slot I. We denote the elapsed service time of the packet in service (if any) during slot k by
sy . The system contents at the beginning of slot k is a superposition of the system contents at the
beginning of start slot [ and the arrivals during s:, yielding

Ui(z1,22) = Ux(0,0) + (1 - Uk(0,0))

+

k 2
02 2 a1 k-y P2+ Y 02,k-i
7E 2! zg ! fnyy=0,n3;, >0
5 "
p1 "1J+)_:ﬂx.k-. nz.l*—gﬂz.k-.
+ —=E iz =1 z, ;>0
P 1 2 f

= L'k(o,0)+(1-Uk(o,())){”-;s;k(A(zl.zz)) '
Ni(zy.20) = N/(O»lz)} ‘

cPlos (A(z
-+ psl.k(A("l'.")) 1_1\’1(0.1}

Hereby 1s ka-(:) {7 = 1,2) defined as the pgf of the elapsed service time of the class 7 packet in service
at the beginning of slot k.




We denote the steady-state version of Uy (21, z2) by U(z1, 29), i.e.,
U(z1,22) = lim Ui (21, 22).
k—oc

It is shown in e.g. (2] that the steady-state version of S;x(z) yields

Si(z) =1

lim 57, (z) = 5 (10)

kv Vi Oz=1)

for j = 1,2. It now remains for us to determine the unknown parameter U(0,0). Keeping in mind
that if the server is idle during slot k, slot k is a start slot, U(0,0) can easily be found as follows:

U(0,0) = leI{.IC Prob[ulvk =Ugy = O]

lim Probn;; = ny; = 0 and slot k is a start slot]
kJ—0o ’

]

kl‘im Prob[n;; = ny; = 0} slot k is a start slot]Prob|slot k is a start slot]
=00

There are three possibilities for slot k to be a start slot: the system is empty at the beginning of slot
k, slot k is the first slot of the service time of a class 1 packet or slot k is the first slot of the service
time of a class 2 packet. U(0,0) then becomes

U®0,0) = N(0,0) [U(0,0)+I‘Zfo’o)%+1"(](°’°)ﬁl]

w2 p
= 1-p (11)

Using equations (6) and (10) in the steady-state version of equation (9), we derive a fully determined
version for U(zy, 29):

S1(A(z1,22))(21 = 1) | A(Y(22),22) -1
Vo) = U00 { 25 AGn ) | Al -1
[ 2152(A(21, 22))(S1(4A(21,22)) = 1)
(21 = S1(A(21, 22))) (22 = S2(A(Y (22), 22)))
222(S2(A(n, 22)) = S1(Al=1,22)))
(21 = S1(A(=1, 22))) (22 — S2(A(Y (22), 22)))
2251(A(21,22))(1 = S2(A(z21, 22))) ]}
(21 ~ 851(A(21,22))) (22 — S2(A(Y(22),22))) | J
with U(0,0) given by (11). From the two-dimensional pgf U(z;, z2), we can easily derive expressions

for the pgf’s of the system contents of high and low priority packets at the beginning of an arbitrary
slot - denoted by U1(z) and Us(z) respectively - yielding

==

(12)

14

Ui(z) klim E [z¥1#]
= U{z1)
_ _SiAe) - 1) Si(Ai(z))(z=1) [Sa(4
= OSTs@AE TS s A {
Ux(z) & lim E[z42¥)

(14)

We can also derive expressions for the pgf of the total system contents at the beginning of an arbitrary
slot - denoted by Ur(z2) - yielding

Up(z) £ lim E[z¥+mvas]
k—oc
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= U(z,2)
_ _ Si1(Ar(2))(z—=1) A(Y(z),2)—-1
= (=) [ 2= 5(Ar(z) | Ar(s) -1
z(z = 1)(52(4r(z)) — Si(Ar(2))) ]
(z = S1{AT(2))(z — S2(A(Y (2),2)))

In the special case that $)(z) = S2(z)(= S(z)), i.e., when the distributions of the service times of

high and low priority packets are the same, Ur(z) becomes

5(Ar(z))(z - 1)
z~S(Ar(2))

This is the expression of the pgf of the system contents in a single-class GI-G-1 queue with FIFO

scheduling. Indeed, if all packets have the same service distribution, the scheduling does not influence
the total system contents.

(15)

Ur(z) = (1-p) (16)

5 Calculation of moments

The function Y(z) can only be explicitly found in case of some simple arrival and service processes.
Its derivatives for z = 1, necessary to calculate the moments of the system contents, on the contrary,
can be calculated in closed-form. For example, Y'(1) is given by equation (4). Let us define Aij, Arr
and puj; as

3% A(z1, 22)

.2
/\'J 32,'82_7'

z3=z2=1
A2 Ar(z)
dz?

425, (2)
Hij d22

>

Arr

>

z=1

with 7,7 = 1,2. Now we can calculate the mean values of the system contents of both classes by taking
the first derivatives of the respective pgf’s for z = 1. We find

LA | A Adpan + dapn
Elul=p + = a 17
hul=p 2l=pp 2 1-pm (an

for the mean value of the system contents of class 1 packets and

_ 1 i 12u3)12 4 podog | A2 Ajpnn + Aoz
Eluz] = po + 5 = = ,
2{1-p)(1=-p1) 2 l-p 2 (1=-p)1-p1)
for the mean value of the system contents of class 2 packets. Furthermore, the mean total system
contents can be found by taking the first derivative of Ur(z) for z = 1, yielding

(18)

Elur] = p+ 1 _pmdrr + 1 Mlp2 — p1)pddn Aap2 — m)mdrz (19)
21—mir  2(1=p)(1-mAr)(1-p1)  (1=p)(1—-mir)
T2 —p)(1 = p)Aee 1 (hpn + depan) (A7 = hip)
2 (1-p)(1—mArr) 2 {(1-p)(1-p1)

for the mean total system contents. It is easily verified that equations (17) - (19) satisfy Ejur] =
E‘[ulj - E[u_»l

In a similar way. expressions for the variance can be calculated by taking the appropriate derivatives
of the respective generating functions. By using Little's law, the mean packet delay of a class j packet.
denoted by Eld,]. i.e.. the mean time a class 7 packet stays in the system, can be calculated as well,

ic. Eid)) = Elu))/A, (G=1.2).
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Figure 1: Mean system contents versus the total load

6 Numerical examples

In this section, we present some numerical examples. We assume the traffic of the two classes to be
arriving according to a two-dimensional binomial process. The joint pgf A(z;, 22) is given by:

Alery22) = (1= 301 = 2) = (1= 2",

The arrival rate of class j traffic is thus given by A; (j = 1,2). This arrival process occurs for instance
at an output queue of a NxN switch fed by a Bernoulli process at the N inlets (see [16]). Notice also
that if N — oo, the arrival process is a superposition of two Poisson streams. In the remainder of this
section, we assume that N = 16. We will furthermore assume deterministic service times for both
classes.

In Figure 1 and 2, the mean value and the variance of the system contents of class 1 and class
2 packets is shown as a function of the total load p, when gy = pz = 2. The fraction of the arrival
rate of class 1 traffic is 0.25, 0.5 and 0.75 respectively of the total arrival rate. One can easily see the
influence of priority scheduling: the mean, as well as the variance of the number of class 1 packets in
the system is severely reduced by the non-preemptive priority scheduling; the opposite holds for class
2 packets. In addition, it also becomes apparent that increasing the fraction of high priority packets
in the overall mix increases the amount of the high priority packets while decreasing the amount of
low priority packets in the buffer.

In Figure 3, the mean packet delay of class 1 and class 2 packets is shown - found by using Little’s
law - as a function of the total load p, when y; = uy = 2 and the fraction of the arrival rate of class
1 traffic is again 0.25, 0.5 and 0.75 respectively of the total arrival rate. In order to compare with
FIFO scheduling, we have also shown the mean value of the packet delay in that case. Since, in this
example, the service times of the class 1 and class 2 packets are equal, the packet delay is then of
course the same for class 1 and class 2 packets, and can thus be calculated as if there is only one class
of packets arriving according to an arrival process with pgf A(z,2). This has already been analyzed.
e.g.. in [2]. One can observe the influence of priority scheduling: mean delay of class 1 packets reduces
significantly. The price to pay is of course a larger mean delay for class 2 packets. If this kind of
traffic is not delay-sensitive, as assumed, this is not a problem. Also, the smaller the fraction of high
priority packets in the overall traffic mix, the lower the mean packet delay of both classes will be.

Figure 4 shows the mean system contents of class 1 and class 2 packets as a function of the mean
service time of the class 1 packets, when Ar = 0.2, u; = 2 and the fraction of the arrival rate of class
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Figure 2: Variance of the system contents versus the total load

Figure 3: Mean packet delay versus the total load
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Figure 4: Mean system contents versus the mean service time of class 1 packets

1 traffic is 0.25, 0.5 and 0.75 respectively of the total arrival rate. In order to have a stable system,
i.e., the total load has to be less than 1, y; must be strictly less than 14, 8 or 6 when the fraction
of the arrival rate of class 1 traffic is 0.25, 0.5 or 0.75 respectively. For these values the mean system
contents of the low priority packets becomes infinite {as shown in the figure). Because of the priority
scheduling, it can be seen that the service time of the high priority packets has a large influence on
the system contents of both classes, and this influence is more pronounced when the fraction of high
priority packets is larger.

Figure 5 shows the mean system contents of class 1 and class 2 packets as a function of the mean
service time of the class 2 packets, when Ar = 0.2, uy = 2 and the fraction of the arrival rate of class 1
traffic is 0.25, 0.5 and 0.75 respectively of the total arrival rate. In order to have a stable system, i.e.,
the total load has to be less than 1, up must be strictly less than 6, 8 or 14 when the fraction of the
arrival rate of class 1 traffic is 0.25, 0.5 or 0.75 respectively. Again, for these values the mean system
contents of the low priority packets becomes infinite. It can be seen that the service time of the low
priority packets has a large influence on the mean system contents of low priority packets, while the
influence on the mean high priority system contents is not too large. Nevertheless, the low priority
traffic has an impact on the characteristics of the high priority packets, since the priority scheduling
is non-preemptive.

Figure 6 shows the mean value of the system contents of class 1 packets as a function of the
total load, when A; = 0.25, y; = 2 and po = 1,2,4,8,16. This figure shows the influence of the
non-preemptive priority scheduling. When the service time of a class 2 packet is assumed to be
deterministically 1 slot, i.e., g2 = 1, the preemptive priority scheduling has the same effect as the non-
preemptive priority scheduling. If 2 > 1, the non-preemptive priority has worse performance than
the preemptive priority scheduling in terms of mean system contents for class 1 packets. Furthermore,
for a given value of the low priority packet length, the mean high priority system contents increases
linearly to the total load p.

7 Conclusion

In this paper. we analyzed the system contents in a queueing system with non-preemptive HOL priority
scheduling. A generating-functions-approach was adopted. which led to closed-form expressions of
performance measures, such as mean of system contents and packet delay of both classes, that are
easy to evaluate. The model included possible correlation between the number of arrivals of the two
classes during a slot and general service times for packets of both classes. Therefore, the results could
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Figure 5: Mean system contents versus the mean service time of class 2 packets

Figure 6: Mean packet delay of class 1 packets when the service time of class 2 packets equals 1, 2, 4,
8. 16
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be used to analyse performance of buffers in an IP context.
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