Belgian Journal of Operations Research, Statistics and Computer Science Vol. 40 (1-2) 00

SCHEDULING ON A BATCH MACHINE
WITH JOB COMPATIBILITIES

Mourad BOUDHAR ¢ and Gerd FINKE ®

¢ Institut de Mathématiques, Université USTHB, B.P. 32,
Bab-Ezzouar, El-Alia 16111, Alger, Algérie
E-mail: mourad.boudhar@imag.fr

b Laboratoire Leibniz, Institut Imag, 46 avenue Félix Viallet,
38031 Grenoble Cedex, France
E-mail: gerd.finke@imag.fr

Abstract

We consider the problem of minimizing the makespan on a single batch processing
machine, in which jobs are not all compatible, i.e. there are at least two jobs that can
not be processed simultaneously in the same batch. The capacity of the batch processing
machine can be finite or infinite. The processing time of a batch is given by the processing
time of the longest jobs in the batch. We prove NP-hardness of the general problem and
present polynomial algorithms for several special cases.
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1 Introduction

The batch scheduling is an extension of other scheduling models that refers to batches of jobs
to be processed together (material heated together in a furnace, material painted together,
material rolled together, material transported together by an AGV, etc...). In these cases, the
jobs in the same batch have to be compatible (similar physical or chemical properties, forms,
colors, weights, etc... ).

The principal motivation for batch scheduling is the scheduling of burn-in operations in the
semiconductor industry. The final stage in the production of integrated circuits is the burn-in
operation, in which chips are loaded onto boards which are then placed in an oven and exposed
to high temperatures. The purpose of burn-in operations is to subject the chips to thermal
stress for an extended period of time in order to bring out latent defects.

In this paper, we consider the problem of scheduling multiple independent jobs J,...,J, (nis
the number of jobs) on a single batch processing machine B1 in order to minimize the makespan
Crmaz (final completion time). We suppose that there exists a relation of compatibility between
jobs, where two jobs are said to be compatible if they can be processed simultaneously in the
same batch. This relation is represented by a graph G = (V, E) where V is the set of jobs and
any pair of jobs is in E if and only if they are compatible. The capacity of the batch processing
machine can be finite (it can process up to b jobs simultaneously) or infinite (it can process
any number of jobs simultaneously). Job J; has the processing time p; and the release date r;.
The processing time of a batch is equal to the maximum processing time of any job assigned
to it. All jobs in a batch must be available and start and finish at the same date. Preemption
is not allowed.

This new combination of batch processing with a compatibility graph defined for the jobs,
appears to be an interesting concept relating scheduling and graph theory.

There is no literature discussing batch scheduling problems of these types. Brucker et al. [8]
have proved that the problem with any processing times, any release dates, b = 2 and where
all jobs are compatible (graph G is complete) is NP-hard in the strong sense. In their paper,
the authors do not introduce the notion of compatibility graphs. They have shown that the
equivalent mirror image problem of minimizing the maximum lateness is NP-hard in the strong
sense. Some related very special cases, e.g. the IF (incompatible families) structures have
previously been treated [23]. The notion of a compatibility graph is not introduced.

For other optimality criteria see [11, 18, 20, 23] for the IF (incompatible families) structures
and [8, 10, 17, 18] for the CF (compatible families) structures.

This article is organized as follows. In section 2 we give the problem classification and present an

illustrative example. In section 3, problems with general compatibility graphs are considered. In
section 4, we analyze problems with special compatibility graphs. Section 5 is a brief conclusion.
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2 Classification, notations and illustrative example

The usual three-field notation a/8/+ is modified to include batch processing machines. Through-
out this article, the performance criterion 7 = Cp,, is used. We set @ = Bm to indicate m
parallel batch processing machines. The vector § is enriched by the following two parameters
B, and S, (which are given at the beginning of the § — field): 8, € {8,G = (V, E)} where 0
refers to the complete graph and G is a given graph); 8; € {b,b = k,b > n} characterizes the
batch capacity where b means variable capacity, b = k is the constant capacity of size & and
b > n refers to an infinite capacity. Also, for any schedule of jobs on batch processing machines,
let rb; = .rrxleag({rg} be the release date of batch B;, pb; = .rrx_leag({p;} the processing time of batch
A 7 A 7

B;, db; the starting time of batch B;, Cb; the completion time of batch Bj;, D; the starting
time of job J; and C; the completion time of job J; (which is equal to Cb; if J; € B;).

Example 1 Let us process 5 jobs Jy, Ja, J3,J4 and Js on a single batch processing machine.
The processing times are given in table 1.

J,' Jl Jz J3 J4 JS
7 1 1 3 4 1
Table 1. Example 1

First case: Problem B1/b = 2/C,,,. (all jobs are compatible)
We obtain the following optimal solution:

The number of batches is equal to 3;

B, = {J1,J2} ; pb1 = maz{l,1} = 1;

By = {Js,Ja} ; pby = maz{3,4} = ¢;

By ={Js};pbs =1;

Crmaz = 6.

The schedule is in figure 1.

J11J2 J37J4 JS

0 1 2 3 4 5 6 time
Figure 1: Optimal schedule of first case

Second case: Problem B1/G = (V,E),b=2/Cpq.
where V = {1,2,3,4,5} and E = {(1,2),(L,3),(2,3),(2,4),(4,5)} (see figure 2)

We obtain the following optimal solution:
The number of batches is equal to 3;

By = {J1,Js} ; pby = maz{1,3} = 3;

By = {J2,J4} 5 pb2 = maz{1,4} = ¢4;
Bs={Js};ipa=1;

Cmez = 8.

The schedule is in figure 3.

71




ol
(D—

Figure 2: The graph G=(V,E)
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0 1 2 3 4 5 6 7 8 time

Figure 3: Optimal schedule of second case

Third case: Problem B1/G = (V, E),b = 2,r;/Cmas with the same compatibility graph (figure
2) and the release dates given in table 2.

oo N Jy S Ji Js
T 0 1 1 5 5
Table 2. Release dates of example 1

We obtain the following optimal solution:

The number of batches is equal to 3;

Bl={J1};Pbl=1 ;b =05

By = {J2,J3} s pby = maz{1,3} =3 ; rby = maz{l,1} = 1;
B3 = {Js, J5} ; pby = maz{4,1} = 4 ; rby = maz{5,5} = 5;
Cmnz =9,

The schedule is in figure 4.

Jl J27J3 Jq,-]s

0 1 2 3 4 5 6 7 8 9 time

Figure 4: Optimal schedule of third case

It should be noted that the number of batches is not fixed, but should be determined.

3 General compatibility graphs

The problem Bm/G = (V,E),b = 1/Cuqz is equivalent to the parallel machine problem
Pm//Cmaz. Consequently, these batch scheduling problems are NP-hard for m > 2. It re-
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mains the class of single batch machine scheduling problems with b > 2. Note that the case
b =1 coincides with the classical single machine scheduling problems and does not provide any
new insight.

Theorem 1 [6] The problem B1/G = (V,E),b=k,p; = 1/Cmq, with k > 3 is NP-Hard.

Efficient heuristics and exact algorithms based on job orderings are presented, with numerical
results, in [6] to solve the problem B1/G = (V,E),b = k,p; = 1/Co- where k = 3,4,...,cc.
Extensions to arbitrary processing times, to solve the problem B1/G = (V,E),b = k/Cpnaz
where k = 3,4, ..., 00, are also discussed.

Let us analyze the batch capacity b= 2.

Let A be the vertex-edge incidence matrix of the graph G = (V, E) where

I 1 if the edge j is incident to the vertex i
Y710 ifnot

fori=1...nand j=1...q(qis the number of edges).

Theorem 2 The problem B1/G = (V, E),b = 2/Cpnqa: reduces to the mazimum weight match-
ing.

Proof. Let ¢; = maz{p,,, p,} be the cost of edge j, if the edge j is incident to the vertices s,
and t;.

The linear model, corresponding to this problem, is:
. q n q
min Craz = (Zl c;z;) + _El(l - _Zl ai;T;)pi
= 1= =

9
i C <1 o .=1,._.7
subject to j=laJIJ <1 fori n
IJG{O)I} fOI‘j:l‘._.’q

where

oz = 1 if the jobs connected by the edge j are in the same batch
’ 0 if not

q

e Y c;z;: the sum of the batch processing times with two jobs.
1=1
n q

e T (1 = ¥ a;jz;)pi: the sum of batch processing times with one job.
1=1 1=1

q
e Y a;;z; < 1indicates that each job is, at most, in one batch.
=1
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> pi is a constant and greater than 3° min{p,,,p;, }z;. Then, minimizing Cpma- is equivalent
=

=
9

to maximizing 3 [;z; where I; = min{p,,,p,} if the edge j is incident to the vertices s; and
=1

7
t;. Hence the linear model reduces to the maximum weight matching problem. ]
The following algorithm solves the problem B1/G = (V, E),b = 2/Crnez-

Algorithm A1l;

Begin

1- From the graph G = (V, E), construct a new valued graph H = (V, E) where each edge
in E is valued by min{p;,p;} if the edge is incident to the vertices i and j.

2- Find a maximum weight matching in the graph H.

3- Form the batches:

o for each set of the matching, process the corresponding two jobs in the same
batch.

o Other jobs are processed as single job batches.

4- Execute the batches in an arbitrary order.

5 The makespan is the sum of all processing times minus the value of the maximum
weight matching.

End

The maximum number of possible edges in G is ﬂnz——ll and the best known algorithm for the

maximum weight matching is in O(n?%). Hence, also the algorithm Al runs in O(n?*®).

Corollary 1 The problem B1/G = (V,E).b = 2,p; = 1/Crmq: can be reduced to the mazimal
cardinalily matching.

Proof. In the above proof, we have min{p, .p:,} = 1. Thus minimizing Cm,: is equivalent
q

to maximizing ). z; and the linear model is equivalent to the maximal cardinality matching
=1

problem. a

The following algorithm solves the problem B1/G = (V, E),b =2,p; = 1/Cpas.
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Algorithm A2;

Begin

1- Find a maximal cardinality matching in the graph G.
2- Form the following batches:

o for each set of the matching, process the corresponding two jobs in the same

batch.
¢ Other jobs are processed in single job batches.

3- Schedule the batches in an arbitrary order (without idle time).
4- The makespan is the number of jobs minus the value of the maximal cardinality match-
ing.

End
Also the algorithm A2 runs in O(n??).

These problems become difficult if one has different release times r;, even if the processing times
are unitary.

Theorem 3 The problem B1/G = (V,E),b = 2,r,p; = 1/Cnqez is NP-Hard in the strong
sense.

Proof. Let OCR be the decision problem corresponding to the scheduling problem under
resource constraints P2/res.11,r;, p; = 1/Cpqz, defined as follow: given two processors P, and

Py, n jobs Ji,...,J. with identical processing times equal 1 and release dates ry,...,ry , and
m resources Ry, ..., Rm (each job J; requires for its execution at most one unit of each of the
resources Ry,..., Rn). Question: Can one schedule jobs Ji,...,J, on the processors P, et P,

with a makespan less or equal to £ ? OCR is NP-Complete in the strong sense [1, 2].

Let R,(i) = { [1) 111: ::; job J; requires the resource R;

We prove that OCR reduces polynomially to the corresponding problem OL: jobs are Ji,...,J,
(the same), p; = 1 for i = 1,...,n, r; for i = 1,...,n (the same release dates), G = (V, E)
where V = {1,...,n} and (3,7) € E if and only if Re(¢) + Ri(j) < 1 for k= 1,...,m (e
the two jobs J; and J; do not require a same resource), y = z. This reduction is obviously
polynomial.

If OCR has a solution with a makespan less or equal to z, then there exists an allocation of
jobs Jy,...,J. on processors P, and P; such that: Cpaz < 2,D; 2 rifori = 1,...,n and
Ri(Pi(t))+ Re(Py(t)) <1fort=0,...,z—1and k =1,...,m (where P;(t) indicates the job
allocated to processor P; at time t, if P;(t) = 0 then Ri(Pj(t))=0for k=1,...,m).

We construct a solution for OL as follow (see figure 5): if a job is processed at time ¢ then we
form the batch B, = { P\(t), P:(t)} (the jobs P,(t) and P;(t) are compatible because Ri(Py(t))+
Re(P:(t))y<lfork=1,...,m).
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Processors

P, P ()
P P(t) .. P(1), Pa(2)
0 t t+1 z time 0 t t+1 T time
a/ Solution of OCR b/ Corresponding solution of OL

Figure 5: Relation between the solutions of OL and OCR

Then OL has a solution with a makespan less or equal to z.

If OL has a solution with a makespan less or equal to z, we construct a solution for OCR
as follows: The jobs belonging to the batch B; and processed at time ¢, are dispatched on
the two processors P, et P, at time ¢ (see figure 5), then the constraints of release dates are
respected and, also, the resource constraints are respected as the jobs are compatible. We
obtain a solution for OCR with a makespan less or equal to z. m

4 Special compatibility graphs

The problem B1/G = (V, E),b 2 n,p; = 1/Cpqar can be solved in polynomial time if, and only
if, the problem of partitioning the graph G into the minimum number of cliques is polynomial.
In fact, if s is the minimum number of cliques, then one has obviously Cper = 5.

We give below a list of graphs where this problem is polynomial:

e circular-arc graphs [14].
o chordal graphs [13].

e comparability graphs [16].
and the special cases:

o split graphs (the graph and its complementary graph are chordal graphs).
¢ permutation graphs (the graph and its complementary graph are comparability graphs).

o interval graphs (the graph is a chordal graph and its complementary graph is a compara-
bility graph).
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In particular the case where G is an interval graph has interesting applications. In [7] an
industrial problem from the sheet metal industry is given.

Let GSK3=(V,E) be a graph containing no complete subgraphs with 3 vertices (a bipartite
graph is a GKS3 graph). For these graphs, the sets in each partitioning contain at most 2
vertices. Then the problem B1/GSK3 = (V, F),b/Cmaz can be solved in polynomial time by
the algorithm Al.

Let assume that one knows already a minimal partition of the graph into cliques of size b or
less. Let By,..., B, be a feasible minimum partitioning, i.e. | Br |< b and s is minimal. Let us
denote this compatibility graph by G(K},..., K}). Even in this case, the problem turns out to
be difficult in the presence of different release times.

Theorem 4 The problem B1/G(K},...,K?),b,mi,p; = 1/Crnaz is NP-hard.

Proof. Let CLIQUE be the following decision problem: let a graph be given H = (V, E) and
an integer K > 0. Question: Does H contain a clique of size K (a complete subgraph of K
vertices)? This problem is NP-complete [12].

We prove that CLIQUE reduces polynomially to the corresponding problem OL: n = n; + n,
where ny =| V |and ny = (K = 1) | V |, and J = {J1,...,Jn, } U {Jn,41,...,Jn} (To each
vertex i of V we associate a job J; and add (K —1) | V | jobs). Set
pi=1lfori=1,...,n,
ri=0fori=1,...,n,ri=1fori=n+1,...,n,
b=K,
G =(VWUW,E U E; U Ej) (see figure 6) where,

Vi={l,....ni}, Va={m +1,...,n},

(i,7) € E, if and only if (i,7) € E (E, = E),

(i,7)€ E;ifand onlyifie V4,5 e Vo and i # 7

(The subgraph K, = (V;, E;) is a clique of size ny) and

(i,j)€ Esifand only ifi € V| and j € V.

y=Vi

Ko,

H

Figure 6: Construction of G

This construction is polvnomial.




Since n; ={ V |, n; =] V | (K = 1) and K,, is a complete graph, the graph G has a partition
into | V | cliques of size K (each clique is composed of one vertex of H and K — 1 vertices of
K,,). This partition is optimal because the number of vertices in the graph is equal to A" | V' |.

If CLIQUE has a solution, then there exists a clique of size K in the graph H. One constructs
a solution for QL as follows. Assume, without loss of generality, that vertices of H are ordered
as follows V = {1,...,A}U{R +1,...,| V {} where vertices 1,..., R form a clique. The
batches are (see figure 7):

Bl = {Jl, P ,JK},
B; = {JK+(j-1)} U {‘]ﬂx+(j—2)(K—l)+la .. -7Jn1+(j—l)(!\"—l)} forj=2,...,ny—K+1
B; = {Jut(om+K=2)K+15 -+ s Jwt(jom+K-1)K } forj=n—K+2,....n

where w=n; + (n; — K)(K - 1)

with processing times:

Cb; =1and
Cbj=jforj=2,...,n.

The batches are processed in non-decreasing order of their indices.

Crmaz = lrglas)sl{C.-} =n =|V]|

B, B, Bn-k41 Baj-k42 B,
Jk Jnpak-r | oo | JK(m-k41) |IR(=K+2) | --- | Jn
J2 Jni+1 oo | IK(n-K)42
Ji I coi | Jny JKm-k+n+1] - | JKn—K41 time
0 2.. .Tll—I\’ 711—1\’+1 Tll—]\’+2. . .711—1 n;
Figure 7: Construction of a solution of OL
If OL has a solution with makespan less or equal to n; =| V |, then in each batch there are

exactly K jobs, because the number of jobs is equal to n; + (A —1)n; = A'n; and the processing
time of any job is equal to 1. As the jobs J; (n; + 1 < i < n) have a release date equal to 1,
they will be processed between the date 1 and the date n;. The number of these jobs is equal
to n;( A — 1). Between the date 1 and the date n;, one has to process n; — K jobs among the
remaining jobs J; (1 < i < ny), because (ny ~ 1)K = n;(K —1}+(n; — K). Finally, the number
of jobs to be processed between the date 0 and the date 1 is K" and forms necessarily a clique.

Therefore CLIQUE has a solution. [}
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5 Conclusion

In this paper, we have established new complexity results for the problem of minimizing the
makespan on a single batch processing machine, in which jobs are not all compatible. Table 3
summarizes the problem types and their complexity status.

Problem Complexity
B1/G =(V,E),b=k,p; =1/Cpor (k>3) NP-hard
B1/G = (V,E),6=2/Cpqsr O(n**)
Bl/G= (‘/7 E)7b=2api = l/cmzu' O(n2.5)
B1/GSK3 = (V,E),b/Cmes O(n%®)
Bl/G=(V,E),b=2,r,,pi = 1/Crez NP-hard
Bl/G = (V,E).b 2 n,p; = l/cmaz:
for general graphs NP-hard
for circular-arc graphs O(n?)
for chordal graphs O(n?)
for comparability graphs O(n®)
B1/G(K},...,K}),b,m,pi = 1/Crnaz NP-hard

Table 3. Summary of results
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